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A critical analysis of two phase (solid- liquid) model of melting tempera-
ture viz. modified Gibbs-Thomson equation is presented. The application 
of model is discussed for the size dependent properties of metallic nano-
crystals. Melting temperature, cohesive energy, Debye temperature, spe-
cific heat, thermal conductivity and electrical conductivity are discussed. 
Some other formulations based on the bond energy model are also 
included for comparison purposes. The results are discussed in the light of 
available experimental data. The simplicity and applicability of the mod-
els is discussed along with the modified Gibbs-Thomson model.
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1  INTRODUCTION

Nanomaterials are a class of materials that possess unique properties due 
to their nanoscale size and structure. These materials can be engineered or 
naturally occurring and include different shapes. At the nanoscale, materials 
exhibit novel properties, such as enhanced surface area, quantum effects, and 
improved mechanical, electrical, or catalytic characteristics [1]. Nanoscience 
is an interdisciplinary field that explores and investigates phenomena at the 
nanoscale. It draws knowledge and expertise from various disciplines. Nano 
scientists study the fundamental principles governing the behaviour of matter 
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at the nanoscale. This knowledge forms the foundation for advancements in 
nanotechnology and guides researchers in harnessing these phenomena for 
practical applications [2]. It involves manipulating matter at the atomic or 
molecular scale to achieve specific functionalities with diverse applications. 
A careful review of literature shows that the properties of nanomaterials 
depend on size and shape [3, 4]. A lot of experimental [5–10] work has been 
done to understand the behaviour of nano materials in addition to the theoreti-
cal work [11–14, and references therein]. 

It has been observed that the melting temperature of nanoparticle decreases 
as decrease in the particle size. Three different models viz. Nanda model 
[15] Jiang model [16] and BK model [17] with different physical origin have 
been used to study the size dependence of melting temperature and cohe-
sive energy of nanomaterials. A detailed analysis demonstrates that the Jiang 
model or Nanda model depends on the material considered [18]. Moreover, 
BK model [17] works well for the different nanomaterials. 

An analytical model of melting temperature has been used by Ansari [19] 
based on the modified Gibbs–Thompson equation (William Thompson later 
became Lord Kelvin). Ansari [19] studied size-dependent thermodynamic 
properties of nanomaterials such as cohesive energy, melting temperature, 
Debye temperature, specific heat capacity, thermal and electrical conductiv-
ity. An excellent agreement with experimental data has been shown without 
considering earlier models, though they exist [15–17]. Thus, it is legitimate 
and may be useful to present a critical analysis of different models with their 
predicting powers in the light of available experimental data, which is the 
purpose of present paper. The effect of shape is also very useful for nano 
materials, therefore it is included in the present paper.

2  THEORETICAL FORMULATIONS 

Melting is a very common phenomena in nature. Different theories of melting 
have been reviewed by Shankar and Kumar [20]. According to the thermo-
dynamic theory, the melting point is a thermodynamic property [20], which 
may be described by the size dependence of molar Gibbs- energy [21, 22]. 
Qi [3, 4] developed a very simple theory based on the bond energy model 
to describe the melting temperature of free standing nanosolids. The results 
were reported for Sn and Pb nanoparticles and In (nanowire and nanofilm). 
The model has been further modified by Bhatt and Kumar [17] for its wide 
applicability. The detailed analysis is available elsewhere [17] and mathe-
matical form of size and shape dependence of melting temperature reads as 
follows [17].

	
 = −   

k
m

m

T (n ) N1
T (b) 2n

	 (1)
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where mT (n ) and mT (b) are the melting temperatures of nano and bulk mate-
rials respectively. n is the total number of atoms of a nanosolid and N the 
surface atoms. k is dimension less parameter with its value 2 as discussed in 
detail by Bhatt and Kumar [17]. It has also been discussed that Eq. (1) reduces 
to the relation as given by Qi [3, 4] for k = 1, which reads as follows [17] 

	
 = −   
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m
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Eq. (1) provides the simple method to understand the size and shape depen-
dence of melting temperature as demonstrated in the recent literature [17]. 
Recently, Ansari [19] advocated a theoretical two-phase (solid-liquid) model 
of melting temperature based on modified Gibbs-Thomas Equation. This 
gives the following relation for melting temperature [19]

	  
 γ − γ = − ∆ 
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Here, Vm is molar volume γsg is surface energy, γ  lg the surface tension and 
0

m mH∆  enthalpy of fusion and Asp is 6/D for spherical nanoparticles, where 
D is the diameter. Thus, Eq. (3) has been used for spherical nanoparticle [19] 
as given below

	
 γ − γ = − ∆ 
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It should be mentioned that in Eq. (3–4) the role of solid/liquid interfacial 
energy is neglected as discussed earlier [23, 24]. We have also neglected that 
the phase rule is changed in nanomaterials [25] i.e., we have one more free-
dom. That is why solidus and liquidus lines may be separated even in one 
component system [23, 26]. 

It has been discussed that different properties of nanomaterials may be 
derived from the knowledge of melting temperature [27–28]. Thus, the size 
dependence of melting temperature with shape plays an important role while 
describing the nanoscience. The most important is the cohesive energy, which 
is related with melting temperature as follows [29–30]

	  =m

m

T (n) E(n)  
T (b) E(b)

	 (5)

where, E(n) and E(b) are the cohesive energies of nano and bulk materials 
respectively. According to the bond energy model as proposed by Qi [3, 4] 
the cohesive energy reads as follows

	  
 = −   

E(n) N  1
E(b) 2n

	 (6) 
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Using Eq. (1) and Eq. (5) gives the following relation for cohesive energy 

	  
 = −   

kE(n ) N  1
E(b) 2n

	 (7) 

Using Eq. (3) and Eq. (5) gives the following relation for cohesive energy as 
used by Ansari [19]

	  
 γ − γ = − ∆ 
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Debye temperature is related to the highest normal mode of vibration of a 
crystal. It has been discussed that Debye temperature and melting tempera-
ture of nanomaterials are related as [31]

	  
 θ  =  θ  
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where θD (n ) and θD (b) are the Debye temperatures of nanomaterial and bulk 
material respectively. Using Eq. (1) and Eq. (9) gives the following relation 

	  
 θ = −   θ
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and Eq. (2) and Eq. (9) gives 
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similarly, Eq. (4) and Eq. (9) gives the following relation as presented by 
Ansari [19]
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Zhu et al. [32] discussed that the specific heat (C) of bulk material is inversely 

proportional to the square of Debye temperature 
q

  ∝   2

1  
D

C  and the approxi-

mation is valid for nanomaterials also. This gives the following relation [32]
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Eq. (10) and Eq. (13) give the following relation for specific heat 

	  
− = −   

2C(n ) N1
C(b) 2n

	 (14)

Singh et al [33] used the above discussed approximation in Eq. (11) and 
Eq. (13) which gives the following relation 

	  
− = −   

1C(n ) N1
C(b) 2n

	 (15)

Eq. (15) has been used by Singh et al [33] and claimed to be derived by them, 
in spite of the derivation of Eq. (11) already available [34]. 

Combining Eq. (12) and Eq. (13) gives the following relation as reported 
by Ansari [19] 
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Now, we proceed to discuss the size and shape dependence of the thermal 
conductivity. The kinetic theory of solids gives the following relation [33, 35] 

	  =
K(n ) C(n )V(n ) (n )
K(b) C(b)V(b) (b)

l
l

	 (17)

K(n), V(n), l(n) are the thermal conductivity, average phonon velocity, mean 
free path of nanomaterials and K(b), V(b), l(b) are corresponding to bulk 
material. Singh et al [33] as well as Ansari [19] assumed that specific heat is 
independent of size. It is well known [36] that 

	  = m
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and 
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Thus 
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Singh et al [37] reported the following relation, using Eq. (2) and Eq. (20)

	  
 = −   
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and Ansari [19] used Eq. (3) and Eq. (20) to get the following relation 

	  
 γ − γ = − ∆ 
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Ansari [19] assumed that the size effect on thermal conductivity is equivalent 
to that in electrical conductivity, which gives 

	  
s
s

=
(n ) K(n )  
(b) K(b)

	 (23) 

where s( )n  is the electrical conductivity of nanomaterial and s( ) b  for the 
corresponding bulk material. Ansari [19] discussed that Eq. (22) and Eq. (23) 
give following relation
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For spherical nanoparticle 

	  
s
s

 γ − γ  = −   ∆ 

3/2

0

6 ( )(n )  1
(b)

m sg lg

m m

V
D H

	 (25)

The results based on Eq. (25) for Cu spherical nanoparticle viz. size depen-
dence of electrical conductivity as reported by Ansari [19] are discussed below.

3  RESULTS AND DISCUSSION 

A critical analysis is presented for the size dependence of different prop-
erties of nano materials viz. melting temperature, cohesive energy, Debye 
temperature, specific heat, thermal conductivity and electrical conductivity. 
For further understanding, the shape dependence of some properties are also 
presented as examples. A two phase (solid-liquid) model of melting tem-
perature viz. modified Gibbs-Thomson Equation as used by Ansari [19] is 
critically examined along with some earlier models viz. Qi [3, 4] and BK 
[17]. The input parameters used in the present work have taken from Ansari 
[19] so that a comparison can be presented. The size dependence of melting 
temperature of Ag (spherical) nanomaterial using Eqs. (1–3) is reported in 
Fig. 1 along with available experimental data. It is found that Eq. (2) gives 
some higher values whilst Eq. (3) gives some smaller values as compared 
with the available experimental information. Moreover, the results obtained 
by Eq. (1) are in good agreement with the available experimental data [6]. 
This clearly demonstrates the superiority of Eq. (1) as compared to Eq. (2) 
and Eq. (3). The size dependence of cohesive energy of Molybdenum (Mo) 
and Tungsten (W) nano materials using Eqs. (6–8) is reported in Fig. 2 and 
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FIGURE 1
Effect of size on melting temperature of Ag (spherical) nanomaterial, • represent experimental 
data [6].

FIGURE 2
Effect of size on cohesive energy of Mo (spherical) nanomaterial, • represent experimental 
data [7].
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Fig. 3 along with the available experimental data [7]. It is found that Eq. (8) 
gives some higher values while Eq. (6) gives some smaller values as com-
pared with the available experimental data. Moreover, the results obtained by 
Eq. (7) are in good agreement with available experimental data. This clearly 
demonstrates the suitability of Eq. (7) as compared to Eq. (6) and Eq. (8). The 
size dependence of Debye temperature (θD) of Silver (Ag) and Cobalt (Co) 
nano materials using Eqs. (10–12) is reported in Fig. 4 and Fig. 5 along with 
the available experimental data [5, 8]. It is found that Eq. (11) gives some 
higher values while Eq. (12) gives some smaller values. Moreover, the results 
obtained by Eq. (10) are in good agreement with available experimental data 
[8] in smaller size range. 

The size dependence of specific heat of Silver (Ag) nano material using 
Eqs. (14–16) is reported in Fig. 6 along with the available experimental data 
[9, 10]. Different formulations give the similar trends of variations. Moreover, 
the results obtained from Eq. (14) are in good agreement with available experi-
mental data [9, 10]. This clearly demonstrates the superiority of Eq. (14). These 
models for specific heat show that specific heat varies with size at low dimen-
sion, although it becomes constant at higher size. The increase of Cn/Cb indi-
cates that specific heat is inversely related to the grain size. Actually, the main 
reason of the elevated specific heat at small size is large atomic thermal vibra-
tion energy of surface atoms [19, 38]. Luo et al [9] remarked this discrepancy 
between bulk and nanomaterials in terms of surface free energy.

FIGURE 3
Effect of size on cohesive energy of W (spherical) nanomaterial, • represent experimental 
data [7].
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FIGURE 4
Effect of size on Debye temperature of Silver (spherical) nanomaterial, • represent experimental 
data [5].

FIGURE 5
Effect of size on Debye temperature of Co (spherical) nanomaterial, • represent experimental 
data [8].
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Singh et al [33] as well as Ansari [19] assumed that the specific heat is inde-
pendent of size and reported Eq. (21) and Eq. (22). These Eqs. (21, 22) have 
been used to predict the size dependence of thermal conductivity [19, 33], 
which needs a deep discussion. Let us first look into the work of same authors 
[19, 37]. Singh et al [37] wrote “We assumed that the specific heat is con-
stant” and Ansari [19] also used this while deriving Eq (22). Contrary to this, 
these authors [19, 37] reported the size dependence of specific heat (Refer to 
Figs. 1 to 4 of Singh et al [37] and Fig.6 of Ansari [19]). Thus, their state-
ments are not justified. Further to test this we can proceed with available 
experiment data as discussed below. 

Liu and Asheghi [39] measured the thermal conductivity and wrote 
“Thermal conductivity of 20 nm thick silicon layer is ~22 W/mK”. However 
thermal conductivity computed using Eq. (21) is 146.3W/mk, which is in 
~565% error with experimental data [39]. Moreover, a good agreement has 
been shown by Singh et al [37] for Si thin film. Ansari [19] used Eq. (22) to 
predict the thermal conductivity of spherical Ag nanoparticle and reported a 
good agreement with experiment data as reported by Warrier and Teja [40]. 
It should be mentioned that Warrier and Teja [40] reported the thermal con-
ductivity of nanofluid consisting of silver nanoparticle dispersed in ethylene 
glycol. Thus, neither these results [40] match with Eq. (22) nor reasonable 
for Ag (spherical) as used by Ansari [19] for comparison purposes. Thus, 
it may be concluded that the size independence nature of specific heat for 

FIGURE 6
Size dependence of specific heat of Silver (spherical) nanomaterial, • represent experimental 
data [9, 10].
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nanomaterials as considered earlier [19, 33] is not justified. It should be taken 
size dependence [36] for small nanorange.

Bhatt and Kumar [36] considered the size dependence of specific heat in 
bond energy model. This gives the simple formulation of thermal conductiv-
ity of nanoparticle. The theory thus proposed gives the good agreement with 
the available experiment data. The results have also been compared with the 
Eq. (21) as used by Singh et al [37] which is similar to the Eq. (22). It should 

be mentioned that Eq. (22) replaces the term N/2n by 
 γ − γ     ∆ 

.
0

( )
 sp m sg lg

m m

A V
H

of 

Eq. (21). Using the size independence nature of specific heat, Ansari [19] 
extended the model of thermal conductivity to get relation of electrical con-
ductivity (Eq. 25). The formulation has been used to predict the size depen-
dence of electrical conductivity of Cu spherical nanoparticle (Ref. to Fig. 5 
of [19]). The results show good agreement with experimental data from Nath 
and Chopra [41]. It is pertinent to discuss here that Nath and Chopra [41] 
reported the thermal conductivity of Cu film. These authors [41] neither 
reported the experimental results for Cu spherical nor electrical conductivity. 
Thus, the model predictions (Eq. 25) are not supported by experimental data 
[41]. This demonstrates that the size independent nature of specific heat for 
nanomaterials is not justified.

The shape effect also plays an important role in describing the behavior 
of nanomaterials in addition to the size effect. It seems that the formulation 
based on the BK model (Eq. 1) performs well as compared with the other 
relations reported in the literature. We have therefore extended the applica-
tion of BK model to the study the shape dependence of melting temperature, 
cohesive energy, Debye temperature and specific heat. The formulations for 
this purpose have been obtained by putting the values of N

2n
 from Table 1 

in the corresponding equations. The results obtained are summarized in 
Figures 7–12. This shows that the properties considered in the present paper 

TABLE 1
The values of N 

2n
 as reported by Bhatt and Kumar 

[17] and other input parameters from Ansari [19].

Shape N/2n

Film 0.666 d/h 

Dodecahedral 0.898 d/a 

Icosahedral 1.323 d/a 

Wire 1.333 d/L 

Spherical 2 d/D 

Hexahedral 2d/a 

Octahedral 2.449 d/a 

Tetrahedral 4.898 d/a 
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FIGURE 7 
Shape dependence of melting temperature for Ag (spherical) nanomaterial using Eq. (1).

FIGURE 8
Shape dependence of cohesive energy for Mo (spherical) nanomaterial using Eq. (7).
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FIGURE 9
Shape dependence of cohesive energy for W (spherical) nanomaterial using Eq. (7).

FIGURE 10
Shape dependence of Debye temperature for Silver (spherical) nanomaterial using Eq. (10).
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FIGURE 11 
Shape dependence of Debye temperature for Co (spherical) nanomaterial using Eq. (10). 

FIGURE 12
Shape dependence of specific heat for Silver (spherical) nanomaterial using Eq. (14).
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depends on the shape also in addition to size. Actually, the purpose of pres-
ent paper is to introduce the simplicity in the more complicated phenomena 
of nanoscience. The model developed in the present paper has been used to 
understand the effect of size and shape of independent nano-particles, levitat-
ing in space. Due to simplicity and applicability, the model may be extended 
to different type of nanomaterials for their different properties. These, may be 
size dependence of heat conductivity of composite materials, nanoparticles in 
multi-phase situation, size dependence of heat of mixing, size dependence of 
solubility [42–46] as our future research work.

4  CONCLUSIONS 

We have thus presented a critical analysis of different theoretical models viz. 
Qi model as used by Singh et al. [33, 37], Ansari model [19] and BK model 
[17] to predict the size dependent properties of nanomaterials. These proper-
ties are melting temperature, cohesive energy, Debye temperature, specific 
heat, thermal conductivity and electrical conductivity. The reality of the mod-
els is discussed in the light of available experimental data. This may help the 
researchers to understand the size and shape dependent properties of nano-
materials in a suitable way.
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